COMPACT MINIMAL VERTICAL GRAPHS WITH 
NON-CONNECTED BOUNDARY IN HP x E 



Abstract. We study the existence and uniqueness problem of compact 
minimal vertical graphs in H n X R, n > 2, over bounded domains in the 
slice H n X {0}, with non-connected boundary having a finite number 
of C° hypcrsufaces homeomorphic to the sphere § n_1 , with prescribed 
bounded continuous boundary data, under hypotheses relating those 
data and the geometry of the boundary. We show the nonexistence of 
compact minimal vertical graphs in H n X R having the boundary in two 
slices and the height greater than or equal to ir/(2n — 2). 

KEYWORDS: vertical graphs, minimal graphs, bounded domains, non 
connected boundary, slice, Dirichlet Problem, Perron process. 



In this paper, we consider the product space I" x E. We study the ex- 
istence and the uniqueness of minimal graphs over bounded domains of the 
slice H™ x {0} with non-connected boundary having a finite number of C° hy- 
persurfaces which are homeomorphic to S™" 1 and satisfy determined interior 
or exterior sphere conditions or convexity condition, with prescribed bounded 
continuous boundary data. (For the precise definitions of interior/ exterior 
sphere condition or convexity condition, see Definition 3.1.) 

We denote by distn- (pi,P2) the hyperbolic distance between two points 
Pi, P2 & HP and as usual define the hyperbolic distance between two set At, 
A 2 C HP by 

dist H n (At,A 2 ) = inf { dist H n (p 1 ,p 2 );Pi € At, p 2 € A 2 }. 
For each r > 0, let us set 
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We shall see in Subsection 2.2 that the function above define the generator 
curve of an n-dimensional half-catenoid in H™ x R. 

The first theorem of this paper guarantees the existence of compact min- 
imal hypersurfaces with boundary in two slices of H™ x R, given as vertical 
graphs over bounded domains with non-connected boundary in H™ x {0}, 
under hypotheses which relate the distance between those slices and the geo- 
metric nature of the boundary of these domains. More precisely: 

Theorem 1.1. Let Ti, Tk, T be C° hypersurfaces in the slice EP x {0} ; 
which are homeomorphic to Assume that each hypersurface Ti, i = 1. 

k, is contained in the interior of the region o/HP x {0} bounded by T and 
that the closed regions bounded by the hypersurfaces Ti are pairwise disjoint. 
Assume also that each Ti, i — 1, k, satisfies the interior sphere condition 
of some radius < R\ < oo and that T satisfies the exterior sphere condition 
of some radius < R 2 < oo, if n > 2, or of radius R 2 = oo, if n = 2. 
Denote by: 

5 = dist H » ^IJr^rJ , 

£1 = the domain in H™ x {0} bounded by Ti, i = 1, k, 
and by T, 



(1) oi = g Rl (Ri+5), 

{Gr 2 (R2 + 6), if < R 2 < 00 and n>2, 
arcsec (e* 5 ), if R 2 = 00 and n = 2. 
If h is a real number such that 
(3) < h < min a, 

j=l,2 J 

then there is a unique compact minimal hypersurface in W 1 x WL, given as 
the vertical graph of a function u £ C 2 (Q) n C°(f2) such that u\ T = and 
u\ T . = h, i = 1, k. 

Theorem 1.1 is a version for H" x M of Theorem 2.1 of [ER] (p. 606-607) 
in R 3 . In the mentioned theorem of [ER], N. Espirito- Santo and J. Ripoll 
have shown the existence of a compact minimal graph with boundary having 
a finite number of Jordan curves in two parallel planes of R 3 , under geometric 
conditions given for those curves and for the distance h between these parallel 
planes. It is important to mention that the problem of existence of minimal 
surfaces (and more generally, of constant mean curvature surfaces) in R 3 with 
boundary given by curves contained in parallel planes has also been studied 
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in other papers, see for instance [FR], [AFR] and [AF]. These papers differ 
from [ER] , because they consider graphs over domains of the Euclidean sphere 
§ 2 C R 3 (radial graphs), while in [ER], the authors have worked with graphs 
over planar domains. 

The second theorem of this paper guarantees the existence of compact min- 
imal hypersurfaces in EP x R, given as vertical graphs over bounded domains 
with non-connected boundary in H™ x {0}, with bounded continuous bound- 
ary data which are not necessarily locally constant, under hypotheses which 
relate these data and the geometric nature of the boundary of these domains, 
see Theorem 1.2. 

Theorem 1.2. Let Ti, T&, T be C° hypersurfaces in i™ x {0}, which are 
homeomorphic to S" -1 . Assume that each hypersurface Ti, i — 1, k, is 
contained in the interior of the region of H™ x {0} bounded by T and that the 
closed regions bounded by the hypersurfaces Ti are pairwise disjoint. Assume 
also that each T ir i — 1, k, satisfies the interior sphere condition of some 
radius < R < oo and that the hypersurface T is convex. 
Denote by: 

5 = dist H n (|J r< ' r ) ' 

fl = the domain in H™ x {0} bounded by Ti, i = 1, k, 
and by T, 



(4) a = G R (R + S). 

Suppose that f : T —> M is a continuous function such that 

osc f <a, 

where osc / := max / — min/ is the oscillation of f in T. 
If h is a real number such that 

(5) max f < h < min / + a, 

then there is a unique compact minimal hypersurface in H" x M, given as 
the vertical graph of a function u e C 2 (fi) n C°(0) such that u\ r = f and 
u\ r , = h, i = 1, k. 

As in [ER], the main ingredient for the proof of Theorems 1.1 and 1.2 
of this paper is Perron process, described in Subsection 2.3. This process 
requires the construction of barriers at each boundary point of the considered 
domain, to guarantee that the solution u e C 2 (fi) provided by the process 
for the minimal equation in EE™ x R extends continuously up to the boundary 
and satisfies the boundary data. (The precise definition of barriers will be 
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established in Subsection 2.3.) What alows the construction of barriers in 
the proof of Theorem 1.1 is the existence of rotational minimal hypersurfaces 
(slices and n-dimensional catenoids) in HP x M. presented, for instance, in the 
papers [NR], [ST2] and [NSST] for n = 2 and in [BS] for n > 2, and the 
existence of a minimal surface foliated by horizontal horocycles, presented in 
[D]. The construction of barriers for the proof of Theorem 1.2 is possible due 
to the existence of Scherk type minimal hypersurfaces in HP x R, presented, 
for instance, in [NR] and [ST2] for n = 2 and in [ST5] for n > 3. We emphasize 
that Theorem 1.1 is not consequence of Theorem 1.2, since the exterior sphere 
condition for a compact without boundary hypersurface in HP does not imply 
its convexity. (This fact will be shown in Section 3.) 

Also in the paper [ER], N. Espirito-Santo and J. Ripoll have obtained a 
non-existence result for connected compact minimal graphs with boundary in 
parallel planes of R 3 , defined over a anullar domain in one of these planes, 
under hypotheses which relate the distance between these planes to the di- 
ameter of the outside boundary curve of the domain. (See Proposition 3.1 in 
[ER], p. 615, to know the precise result.) 

We obtain in our paper the following non-existence result in HP x R: 

Proposition 1.1. Let IT := HI" x {0} and U 2 := HP x {h} be two slices of 
HP x R, where h > 0. Let a C IT and [3 C il 2 be hypersurfaces homeomorphic 
to S n_1 , such that the orthogonal projection (3* of (3 on the slice IT is in the 
domain enclosed by a. If h > n/(2n — 2), then it does not exist a connected 
compact minimal vertical graph M over the domain £1 C IT bounded by aU(3* , 
with boundary dM = a U [3. 

The main ingredient of the proof of the above result is the fact that the 
height of an n-dimensional half-catenoid in HP x R never exceeds n/(2n — 2). 

This paper is part of Doctoral Thesis of the author [Bl], at Universidade 
Federal do Rio de Janeiro. 



2.1. Vertical graphs in HP x R. 

In the product manifold HP x R, we consider the ball model for the n- 
dimensional hyperbolic space HP. Denoting by x\, . . . ,x n the coordinates in 
HP and by t the coordinate in R, then we consider that HP x R is the set 



2. Preliminaries 



{(*!,..., !B n ,t) GR" +1 ; x\ + •••+; X 2 n < 1}, 



endowed with the product metric 



da 2 



dx\ H + dx 2 n 



+ dt 2 , 



F 



where 




COMPACT MINIMAL VERTICAL GRAPHS WITH NON-CONNECTED BOUNDARY 5 

The knowledge about ra-dimcnsional hyperbolic geometry is fundamental 
for the comprehension of this paper. For this, we recommend, for instance, 
Chapters 2 and 3 of [ST4] . 

Definition 2.1. (Vertical graph) Let ft C H" be a domain and let u : 
— >• M be a C 2 function in fi. The vertical graph of u is the subset of H" x M 
given by 

{(xi,...,x„,'u(xi,...,x„));(xi,...,x„) e 0}. 



Proposition 2.1. (Mean curvature equation in H" x K) Let ft C HP 

fee a domain. The vertical graph of a function u e C 2 (il) has constant mean 
curvature H if and only if u satisfies the following equation: 



(n-2)p-Vu nH 



where 




■, || ||, V and div are, respectively, the scalar product, the norm, the gradient 
and the divergence in the Euclidean metric ofW 1 , and the mean curvature H 
is obtained with respect to the unit normal vector field N to the graph of u 
with positive (n + l)-th component. 

The proof of Proposition 2.1 follows classical procedures, similar to the 
particular case n — 2 in [NR], p. 264-265. The reader interested in the 
calculation for the general case n > 2 can see, for instance, the Appendix A 
in the thesis [Bl], p. 77-88. 

Given H e M, we define the operator Qh by 

where is a domain in H™ x {0}. It follows from Proposition 2.1 that the 
vertical graph of a function mcC 2 (O) has constant mean curvature H if and 
only if u satisfies the equation Qh u = 0. 
For the particular case H = 0, we have: 

Vu\ (n—2)p-Vu 2 



(6) Qo(«) := div + i if= , u e 

Then, the vertical graph of a function u e C 2 (fi) is minimal if and only if u 
satisfies the equation Qq u = 0. 
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Observe that the above operator is elliptic, in the divergence form. We can 
write 

Qo(u) = div (A(p, u, Vu)) + B(p, u, Vu), u e C 2 (fi), 

where 

A(p, u, Vu) = 

t u 

and 

^ x (n-2)p-Vu 
B(p,u,Vu) = ± >-j= 

are continuously diffcrcntiable functions with respect to the variable Vu and 
independent of the variable u (They only depend on p and Vu). Consequently, 
we can use Theorem 10.7 in [GT] to state the Maximum Principle for the 
minimal hypersuface equation Q u = 0. 

Theorem 2.1. (Maximum Principle) Let fi C EP be a bounded domain, 
where d£l denotes the boundary of fl. Let /i, /2 : dQ — > M be continuous 
functions satisfying /i < /2 • Let u-i : £1 — >• R be a continuous extension of 
satisfying the minimal hypersurface equation Qo u = on Cl, i = 1, 2. Then 
we have u\ < U2 on ft. 

Proof. Sec, for instance, Theorem 10.7 of [GT], p. 268-271. □ 

As a consequence of Theorem 2.1, setting f\ = fi, there exists at most one 
continuous extension of f\ on f2 satisfying the minimal hypersurface equation 
Qo u = on f2. 

2.2. Examples of minimal vertical graphs in H™ x R. 

For the sake of clearness, we present in this subsection some useful exam- 
ples of minimal vertical graphs in H™ x M found in the literature. 

A) Rotational minimal vertical graphs in H" x R 

The papers [NR], [ST2], [NSST] and [BS] describe the construction of ro- 
tational minimal hypersurfaces generated around a vertical geodesic axis in 
H" x K (n-dimensional catenoids and slices). The first three papers deal with 
the particular case n = 2 and the last one generalizes it for n > 2. 

More precisely, given r > 0, the function 

fP sinh n_1 r 

define the generator curve of an n-dimensional half-catenoid in H™ x M, where 
p represents the (hyperbolic) horizontal distance with respect to the rotational 
axis, see Proposition 3.2 in [BS]. 
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Fixed a point cq € H", we denote by p Co {q) the hyperbolic distance from a 
point g G H™ to Co, that is, 

p Co (q) := dist H „ (<7,c ). 

Observe that the function p n- G r {p) is continuous and increasing on 
[r, +00) and that an n-dimensional half-catenoid with the generator curve 
defined by Q r and the rotation axis cq x K in H" x M is the vertical graph of 
the function 



(8) g C0 ,M) = f 

J r 



Pc (q) sinh"-^ 



\J sinh 2 ™ 2 £ — sinh 2 ™ ' 



over the set {q G H™ x {0}; p Co (q) > r}, that is, over the exterior domain to 
the hyperbolic (n — l)-sphere with center Co and radius r in H" x {0}. 

Also by Proposition 3.2 in [BS], the half-catenoid defined by Gc ,r has finite 
vertical height 

'■ +aa sinner 



h+(r)= [ 

J r 



v/sinh^-^-sinh 2 "- 2 , 



In addition, the function r ^ h + (r) increases from to —. r-, when 

2(n — I) 

r increases from to +oo. This means that the height of an n-dimcnsional 

half-catenoid in H" x R never exceeds — — . Moreover, given r\, r 2 > 0, 

2(n — 1) 

with ri ^ T2, the generator curves Q ri and Q r2 intersect at one unique point. 

If ro > r, then Q r {r ) represents the height of the n-dimensional catenoid 
part which is vertical graph of Q CQ ,r over the closed domain of H™ x {0} 
bounded by hyperbolic in— I)-spheres with radii r and r and common center 
c - 

A geometric description with more details about the n-dimensional catenoids 
in H" x I can be seen in Subsections 3.2 and 3.3 of [BS]. 

B) Scherk type minimal vertical graphs in H™ x M 

In [NR], B. Nelli and H. Rosenberg have proved the existence of minimal 
graphs in H 2 x R, defined over geodesic triangles in H 2 , with infinite boundary 
data on one of the sides of the triangle and zero value boundary data on the 
other two sides. More precisely, they have proved the following: 

Theorem 2.2. (Theorem 2 in [NR]) Let A be a geodesic triangle in H 2 
with sides A, B and C . Then there exists a junction u, solution of the minimal 
equation Q — 0, defined in A \ A, which satisfies 

U \ int (BUC) = ' q A U (l) = +°°- 

Moreover, \\7u(q) \ — > +oo when q approaches the side A. 
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Proof. See, for instance, Theorem 2 in [NR], p. 269-273. (A alternative proof 
is given in [ST3], Example 4.3, p. 326.) □ 

The vertical graph of u determined by the above theorem (as well as any 
vertical graph which is isometric to one) will be called a Scherk type minimal 
graph in H 2 x M. 

In [ST5], R. Sa Earp and E. Toubiana have proved the existence of Scherk 
type minimal graphs in HP x R, for n > 3, that is, of minimal vertical graphs, 
defined over certain bounded domains of HP, which assume infinite boundary 
data on certain parts of this boundary. (Theorems 5.1, 5.3 and 5.4 in [ST5].) 

We shall present the Scherk type minimal graph presented in Theorem 5.1 
in [ST5], after the two following definitions. 

Definition 2.2. Let E C HP be a C° orientable hypersurfacc in HP. 

(1) We say that E is convex in the hyperbolic sense if, at each point 
p € E, E is contained in one of the closed halfspaces determined by 
some geodesic hyperplane of i n passing through p. 

(2) We say that E is strictly convex in the hyperbolic sense if, at each point 
p € E, E is contained in one of the closed halfspaces determined by 
some geodesic hyperplane n p of HP passing through p and, moreover, 
EH n p = {;>}. ' 

Definition 2.3. (Definition 5.1 in [ST5] - Special rotational domain) 

Let 7,Lc HP be, n > 3, two complete geodesies such that L is orthogonal to 
7 at some point B e 7 n L. 

Using the half-space model for HP, we can assume, without loss of gener- 
ality, that 7 is the vertical geodesic such that = {0,oo}. 

We call P C HP the geodesic two-plane containing L and 7. We choose 
points Aq e (0, B) C 7 and A\ e L\ / y and we denote by a C P the Euclidean 
segment joining A and A\. 

Therefore the hypersurface E, generated by rotating a with respect to 7, 
has the following properties: 

(1) int (E) is smooth except at point A ; 

(2) E is strictly convex in hyperbolic meaning and convex in Euclidean 
meaning; 

(3) int (E) \ {A } is transversal to the Killing field generated by the 
translations along 7. 

Consequently E lies in the mean convex side of the domain of EI" - whose 
boundary is the hyperbolic cylinder with axis 7 and passing through A\ . 

Let us call LT C HP the geodesic hyperplane orthogonal to 7 and passing 
through B. Observe that the boundary of E is a (n — 2)-dimcnsional geodesic 
sphere of LT centered at B. 
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We denote by £7s C II the open geodesic ball centered at B whose boundary 
is the boundary of S. We call 2?s C HP the closed domain whose boundary 
is U-e U S. Observe that 92?s is strictly convex at any point of £ and convex 
at any point of 11%. Such a domain will be called a special rotational domain. 



Theorem 2.3. (Theorem 5.1 in [ST5]) Let X> E C HP be a special rotational 
domain. There is a unique solution Voo of the minimal equation Q = in 
int(2?s); which extends continuously to int(E) taking prescribed zero boundary 
value data and taking boundary value +oo for any approach to More 
precisely, the following Dirichlet problem (Poo) admits a unique solution v^: 

Qo(u) = in int (£>s), 
u = on int (£), 
u = +oo on Us, 

ueC 2 (mt(Vs))nC a (Vi:\Ui~). 



(Poo)< 



Proof. See Theorem 5.1 (and also Proposition 5.1) in [ST5]. □ 

The vertical graph of determined by the above theorem (as well as any 
vertical graph which is isometric to one) will be called a rotational Scherk 
hyper surf ace in HI" x R. 

C) Minimal vertical graphs foliated by horocycles in i 2 x R 

In the paper [D], B. Daniel has exhibited a minimal surface in H 2 x 1 such 
that each horizontal curve is a horocycle in the slice where it lies, in such a 
way that the vertical projections of these horocycles on the slice H 2 x {0} 
have the same asymptotic point. 

Before we present precisely the above result, we observe that the mentioned 
paper has considered the Minkowsky model for H 2 , that is, the hyperboloid 

Hm = {(x ,x 1 ,x 2 ) € L 3 ; -x\ + xj + x\ = -1, x > 0}, 

endowed with the quadratic form 

gu = -(dx ) 2 + {dxif + (dx 2 ) 2 . 

(L 3 denotes the three-dimensional Lorentz space, that is, the space R 3 en- 
dowed with the form <?m-) 

Proposition 2.2. (Proposition 4.17 in [D]) The map 

( V 2 + 1 COSM V V 2 — 1 COSM 

9 «) = o + -5~> ' o + -5-' u 

\2cosm 2 cosu 2cosu 2 

/ 7T 7T \ 

defined for (u, v) E 2/ X ^' * S a con f or " ma ^ ™ n ^ ma ^ embedding in H 2 ^ x 

/ 7T 7T \ 

R, such that the curves u — u , u G y^' 2/ ^ orocyc ^ es * n x { u o} 
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such that its vertical projections over the slice x {0} have the same as- 
ymptotic point. We will denote this surface by Co . 

Morover, the surface Co is the unique one (up to isometries of H 2 ^ x M.) 
having this property. 

Proof. See Proposition 4.17 in [D], p. 6277-6278. □ 
Considering the Poincare disk model for H 2 , that is, 
V 2 ={(x,y)eR 2 ; x 2 +y 2 <l}, 
endowed with the metric 

gB= ( l-(j + , 2 ) ) ^ 2 +^)' 
and using the fact that the map 
n : H 2 , -+ H 2 

II (x ,x 1 ,x 2 ) = ( - Xl , ) , {x ,x 1 ,x 2 ) G H 2 ^, 

V 1 + x 1 + x J 

is a isometry between the models (H^, gm) and (Hjj, <7b) of H 2 (see, for in- 
stance, [ST4], p. 214-215), we get 

/ 2v v 2 - 1 + cos 2 u 

(10) X{u,v) = 2"T7T~i 2"T7T~i \2' u 

\v z + (1 + cos u) z v z + (1 + cos u) z 

/ 7T 7T \ 

defined for (u, v) e ^— — , — J x M, is a parameterization for the surface Co in 
- " where H 2 = (H 2 ,,^), corresponding to the expression (9) obtained 



x 



in HjL x 



To see clearly that the curves u — uq are horocycles in H 2 x {uq} such 
that its vertical projections over the slice H 2 x {0} have the same asymptotic 
point, we can rewrite the expression (10), denoting by 



(11) 



v 2 + (1 + cos w) 2 
and by 

v 2 — 1 + cos 2 u 

(12) V = V 2 + (1 +C0SU) 2 ' 

eliminating the parameter v from the expressions above and obtaining, after 
several calculations and simplifications, that the equations (11) and (12) result 
in 



(13) x 2 + [y - 



\ 2 1 
cos u \ 1 



COSM J (1 + C0SU) 2 
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7T 


5ir 


) , Oe 


.2' 


T 



/ 7T 7T \ 

We fixe u G ( _ ^'^J- Wc conclude from (11), (12) and (13) that the 
horizontal curve X(u , ■) of the surface Co is contained in the Euclidean circle 

with center [0, — - — , uo ) and radius on the horizontal plane 

\ 1 + cos u ) 1 + cos u 

u = uo, that is, it is contained in the Euclidean circle parameterized by 

. ... / cos 8 cosuo + sin# 

Pu o {0) = — , — — ,u 

\ 1 + COS Uo 1 + cos u 

Note that (3 U0 (|) = p Uo (^j = (0,1, u ) G ^(H 2 x {u }) = S 1 x {u }. 

We denote by /3 Uo the restriction of /3 Uo on the open interval ^ 

parameterizes the Euclidean circle with center ( 0, — C ° S "° — , uo ) and radius 

\ 1 + cos uo / 

minus the point (0, 1, uq) on the horizontal plane u = uq- 



1 + cos Mo 

Note that the point (0, 1, uo) does not belong to the curve X(u n , ■), because, 
otherwise, we would have v = and cosu = — 1, but this do not occurs for 
u G y— — , —J. Thus the curve X(u , •) is contained in (3 Uo . On the other 

hand, the curve f3 Uo is contained in the horizontal curve X(u 0} -). In fact, 

/ 7r 5tt\ . cos 8 . . 

given 8 € I -, — J, if wc take u = (1 + cosu ) 1 _ gm g ' we § ct -M u o,we) = 

f3 Uo (8). Therefore f3 Ug is a reparameterization for the horizontal curve X(uo, •)• 
Now it is easy to conclude that the horizontal curve f3 UQ parameterizes, in 

fact, a horocycle in H 2 x{mo} with asymptotic point (0,1, Uo) € <9oo(IHI 2 x{wo})) 

for each u a G 
Thus, 



(14) Y(u,8) 



cos 8 cosm+ scn0 \ , „. / n tt\ ( tt 5n 



1 + cos u ' 1 + cos li '/' ' V 2 ' 2 / \ 2 ' 2 



is a reparameterization for (10) and hence, it is a new parameterization for 
the surface Co- 

Therefore the surface Co is foliated by the horocycles u — ito, «o£ \ 2"' 2/ 
such that its vertical projections over the slice H 2 x {0} are horocycles having 
the same asymptotic point (0, 1,0). 

Note that Co has the height tt. (Observe that the horocycles u — uo con- 

verge to S 1 x < — > when uo — >• — and to S 1 x < — — > when uo — > — — .) 

Moreover, Co is symmetric with respect to the slice H 2 x {0}. In fact, 
Y(u, 0) = Y(-u, 6) for all u G 0,|). 
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Observe also that Co is invariant by a one-parameter family of horizontal 
parabolic isometries which let globally fixed each horocycle of H 2 x {0} tangent 
to the asymptotic point (0, 1,0) G <9oo(H 2 x {0}) = S 1 x {0} and, therefore, 

they let globally fixed each horocycle m = uq, "o G V 2^ 2 / ' 

We denote by T-Lq the horocycle in H 2 x {0} parameterized by Y(0, •) and 
by S> the closed connected region of (H 2 x {0})\"H which has ^(H 2 x {0}) = 
S 1 x {0} as asymptotic boundary. 

Considering each horizontal horocycle Y(u, •) of the surface Co as a Eu- 
clidean circle minus the point (0,1, it), observe that its Euclidean radius 

11 7T 

increases from - to 1 when u varies from to — . From this follows 

1 + cos u 2 2 

that the vertical projections of the horocycles Y(u, •) over H 2 x {0} cover @ 
exactly once when u varies in the interval 0, —J . 
Hence the upper half Cq of the surface Co, that is, 



Y(u,e); (M)e 



7T\ / 7T 07T 

°<2) x U'T 



where Y(u, 9) is given in (14), is vertical graph of some real function over Ql. 
We denote this function by T. 

2.3. Perron process for the minimal hypersurface equation in H™ x K.. 

Perron process will be the principal ingredient for the solution of the pro- 
posed problems in this paper. Notations, definitions and results of this subsec- 
tion are based in the works [ST5], [ST1] (p. 682-685) and [ST3] (p. 321-325). 
We include them here to make this paper self contained. 

We consider the following Dirichlet problem: 

C Q o u = 0inr2, «GC 2 (0)nC°(Si), 

(P) 

{ u \dn = /. 

where fi is any bounded domain in H" x {0} = H", Qo u is defined in (6) and 
/ : <9f2 — > R is any bounded continuous function, defined in dtt. 

Let v : ft — > K be a continuous function. Let U C £1 be a closed ball in 
H" x {0}. Then v\ du has a unique minimal extension vjj on U, continuous 
up to the boundary dU. In fact, since U is a bounded domain having the 
boundary dU of class C 2 with positive mean curvature when the normal 
vector field to dU points to U (dU is a hyperbolic (n — l)-sphere), it follows 
from Theorem 1.5 of J. Spruck in [S] (p. 787-788) that the Dirichlet problem 

Q o u = 0mU, ueC 2 (U)DC°(U), 
u \du = <P> 
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has a unique solution for arbitrary continuous boundary data ip (and, partic- 
ularly, for ip = v\ au ). 

Therefore the function Mjj(v), given by 

( v(q), ifgeO\C/, 
Mu(v)(q) = I 

{ vu(q), \fqeU, 

is well defined and it is continuous in Cl. 

Definition 2.4. ([ST3]; [ST5]) We say that v G C°(0) is a subsolution 
(respectively supersolution) of the problem (P) if 

(1) For any closed ball U C ft, we have v < Mu(v) (respectively v > 

Mu(v)), 

(2) v\ dn < / (respectively v\ dn > /). 

We present below some classical properties about subsolutions and super- 
solutions (see, for instance, [CH], p. 307-309): 

(1) If v G C 2 (0), the condition 1 in the above definition is equivalent to 
Qo( v ) > for subsolution or Qo(v) < for supersolution. 

(2) If v G C°(Q), v > 0, then M v (v) > for all closed ball U C O. From 
this follows that if t;, to G C°(Q) are functions such that v > w, then 
Mu(v) > Mu{w) for all closed ball U C Q. 

(3) If v, w G C°(f2) are two subsolutions (respectively, supersolution) of 
(P) then the function u G C°(Q), defined by u(q) = max(v(q), w(q)), 
q G £1 (respectively, u(q) = mm(v(q), w(q)), q G fi), again is a subso- 
lution (respectively, supersolution) of (P). 

(4) If v is a subsolution (respectively, supersolution) of (P) and U C 
ft is a closed ball then Mu(v) again is a subsolution (respectively, 
supersolution) of (P). 

(5) Let v, w : 0, — > R be two continuous functions such that Mu{v) > v 
and Mu(w) < u> for any closed ball U C f2. Suppose that w|g f2 < Hen- 
Then t> < to on 0. Roughly speaking, a supersolution is greater than 
a subsolution. 

Definition 2.5. (Definition 4.2 in [ST5] - Barriers) We consider the 
Dirichlet problem (P). Let p G dQ be a boundary point. 

(1) Suppose that, for any M > and for any HN, there are an open 
neighborhood Vk of p in HP and a function (respectively, w^T ) in 

c 2 (Vfc n O) n c°(v k nTT) such that 

( a ) w ^Lnv fc ^ / and w fe lay, no ^ M _ 
(respectively, | 8nnVjk < / and c^| ayfcnn < -M); 

(b) Qo(w^ ) < (respectively, Qo(^k) > 0) in V k n O; 

(c) lim w+(p) = /(p) (respectively, lim u^(p) = /(p)). 
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(2) Suppose that there exists a supersolution <j) (respectively, a subso- 
lution 77) in C 2 (fl) n C°(Q) such that <p(p) = f(p) (respectively, 

vip) = /(p))- 

In both cases, 1 or 2, we say that p admits an upper barrier {u^}k£N or <f> 
(respectively, lower barrier {u^}keN or 77) for the problem (P). 

Definition 2.6. (Definition 4.3 in [ST5] - C° convex domains) Let 

fi C H™ be a C° domain. 

(1) We say that Q is convex at p G <9£1 if there exists a neighborhood of p 
in f2 totally contained in one of the closed halfspaces determined by 
some geodesic hyperplane of H" passing through p. 

(2) We say that fl is strictly convex at p £ dfl if there exists a neighbor- 
hood U p C O of p in Q which is totally contained in one of the closed 
halfspaces determined by some geodesic hyperplane LT of H™ passing 
through p such that U p fl II = {p}. 

Remark 2.1. Considering the problem (P), it is possible to obtain barriers 
at any point in dfl where the domain C H™ is convex, for any bounded 
continuous boundary data f. 

For the particular case n = 2, R. Sa Earp and E. Toubiana have made 
this construction in [ST3], using sequences of Scherk type minimal graphs in 
H 2 x K, defined over geodesic triangles in H 2 . Specifically, for the construction 
of an upper barrier (in the sense of the Definition 2.5-1) for the problem (P) 
at a point po € dfl where fl is C° convex, the authors have exhibited a sequence 
of isosceles geodesic triangles A^, which are small enough in M 2 , where each 
Afe contains po on its geodesic axis of symmetry, and they have defined Scherk 
type minimal graphs u)~}l overVk '■= hit A^, satisfying the following conditions, 
for each k e N and for any M > 0: 

w <\ mvWk ^ f and w fe Uno ^ M ; 

(2) Q {lo+) =0inV k n fl; 

(3) u J +(p ) = f(po) + l/k. 

Analogously, one obtain a lower barrier at p . For the reader which is 
interested in the details of the construction of these barriers, see Example 4-1 
o/[ST3] ; p. 322-323. 

For n > 3, the same authors have exhibited in [ST5] barriers at any point 
of dQ where the domain fl C HP is convex, for arbitrary bounded continuous 
boundary data f, using sequences of Scherk type minimal graphs in H™ x R, 
defined over special rotational domains in H™. The procedures adopted in 
this construction were similar to the case n = 2. For the details about this 
construction, see Theorem 5.2 in [ST5]. 

Theorem 2.4. (Theorem 4.1 in [ST5] - Perron process) Let fl C H n 

be a bounded domain and f : dfl — > M a bounded continuous function. Let 
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4> be a bounded super solution of the Dirichlet problem (P), for instance, the 
constant function <p = sup /. Set 

Sfi = {s £ C°(Q); s is subsolution of (P), with s < </>}. 

(Observe that S<p ^ 0, since the constant function rj = inf / belongs to S<j,.) 
For each ggft, we define 

u(q) := sup s(q). 

We have the following: 

(1) The function u is of class C 2 on Q and satisfies the minimal equation 
Qo u — 0. 

(2) Let p G d£l be a boundary point and suppose that p admits a barrier. 
Then the solution u is continuous at p and satisfies u(p) = f(p). 

Proof. See, for instance, Theorem 4.1 in [ST5]. □ 

3. Interior/ exterior sphere condition and convexity in HP 

Definition 3.1. Let T be a C° hypersurface in HP, which is homeomorphic 
to S n_1 , and let a, b > be positive real numbers. 

(1) We say that T satisfies the interior sphere condition of radius a if, at 
each point peT, there exists a hyperbolic (n — l)-sphere of radius a 
passing through p, contained in the closure of the bounded connected 
region of HP \ T. 

(2) We say that T satisfies the exterior sphere condition of radius b if, at 
each point peT, there exists a hyperbolic (n — l)-sphere of radius b 
passing through p, such that its mean convex side is contained in the 
closure of the unbounded connected region of M n \ T. 

(3) We say that T satisfies the exterior horosphere condition if, at each 
point per, there exists a horosphere passing through p, such that 
its mean convex side is contained in the closure of the unbounded 
connected region of H™ \ V. 

(4) We say that T is convex (in the hyperbolic sense) if, at each point 
p e T, there exists a geodesic hyperplane passing through p, such 
that T is contained in one of the closed halfspaces of HP determined 
by this hyperplane. 

Note that a hyperbolic (n — l)-sphere S C H™ of radius r satisfies auto- 
matically the interior sphere condition of radius a = r. 

Recall that a horosphere in HP is the limit hypersurface of a sequence of 
hyperbolic (n — l)-spheres S Pn (q n ) having center q n and radius p ni such that 
p n — > oo and q n approaches the asymptotic point p' G 9ooHP of this horosphere 
when n — >• oo. (Sec, for instance, [V], p. 37-38 or [B2], p. 101-102.) Due 
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to this fact, the horospheres are considered as hyperbolic (n — l)-spheres of 
center at the infinity (namely, at its asymptotic point p' G 9ooH") and infinite 
radius. Therefore, the exterior horosphere condition above defined might have 
been recalled as exterior sphere condition of infinite radius. 

Remark 3.1. In Definition 3.1, if we consider the particular case n = 2,T is 
reduced to a C° Jordan curve contained in H 2 and the expressions sphere ( or 
(n — l^spherej, horosphere, geodesic hyperplane and halfspace are naturally 
replaced by circle, horocycle, geodesic line and halfplane, respectively. 

Proposition 3.1. Let T be a C° hypersurface in HP, which is homeomorphic 
to S n_1 . IfT is convex then it satisfies the exterior sphere condition of infinite 
radius. 

Proof. If T is convex then, given peT, there exists a geodesic hyperplane II 
passing through p, such that T is contained in one of the closed halfspaces of 
H n determined by this hyperplane. 

We denote by U\ the closed halfspace of H n determined by II in which F 
is contained and by ?7 2 the other halfspace. 

Let 7 be the geodesic line of HP orthogonal to II at p. 

We denote by 7* := [/, fl 7, i = 1, 2. 

Let p' € dooM n be the asymptotic point of 72. We denote by Jf p the 
horosphere which is orthogonal to 7 at p and which has asymptotic point p' . 
By construction, ffi v is tangent to II at p. 

Orienting M!p such that the normal vector field to this horosphere point to 
the connected component of HP \ M? v whose asymptotic boundary is p', we 
get from the Maximum principle that Jf p must be contained in J7 2 - 

Since r C Ui, it follows that the mean convex side of Jf° p is contained in 
the closure of the unbounded connected region of HP \ T. 

Thus, T satisfies the exterior horosphere condition, that is, the exterior 
sphere condition of infinite radius. □ 

Remark 3.2. A C° hypersurface T C HP which is homeomorphic to 
may satisfy the exterior sphere condition of some radius < p < 00 and be 
non-convex. An example of this fact for the case n = 2 is illustrated in Figure 
1. 

In Figure 1, we note that the Jordan curve T satisfies the exterior sphere 
condition of some radius < p < 00. However, it is not convex in the 
hyperbolic sense. In fact, in the given example, the origin (0,0) 0/H 2 belongs 
to T and we observe that all geodesic line passing through (0, 0) divides T in 
two parts. 

It is not difficult to generalize the above example for n > 2. 

Remark 3.3. The reciprocal of Proposition 3.1 is false. For instance, for the 
case n = 2, we take an Euclidean ellipse T C H 2 , near enough to c^M 2 in 
the Euclidean sense, as in Figure 2. 
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Figure 1 . An example of a Jordan curve in H 2 which satis- 
fies the exterior sphere condition of some radius < p < oo 
and that is not convex. 




Figure 2. An example of a Jordan curve in H 2 which satis- 
fies the exterior horosphere condition and that is not convex. 



It is easy to see that F satisfies the exterior horosphere condition. However, 
the unique geodesic line a tangent to T at po divides V in two parts, as we 
see in Figure 2. ( Of course the geodesic lines which are transversal to V at po 
will do the same.) 

We may generalize this example for n > 2, taking as T C H™ a (n — 1)- 
dimensional ellipsoid, near enough to daoW 1 in the Euclidean sense. 
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Remark 3.4. We recall that, in W n , a C° hypersurface T C R™, which is 
homeomorphic to § n_1 ; is said be convex in the Euclidean sense if, at each 
point pgr, there exists an affine hyperplane passing through p, such that T is 
contained in one of the closed half spaces ofW 1 determined by this hyperplane. 
We recall also that a C° hypersurface T C R™, which is homeomorphic to S" _1 , 
satisfies the Euclidean exterior sphere condition of radius b if, given any point 
per, there exists a Euclidean (n — l)-sphere of radius b passing through 
p, such that its mean convex side is contained in the closure of unbounded 
connected region of R™ \ T. We recall that the affine hyperplanes are the 
geodesic hyperplanes o/R™ and also, they may be seen as the Euclidean (n— 1)- 
spheres of infinite radius. From this follows that the hypersurface T is convex 
in the Euclidean sense if and only if it satisfies the Euclidean exterior sphere 
condition of infinite radius. 

However, in EP there is not the equivalence between convexity and exte- 
rior sphere condition of infinite radius. In fact, at first, we recall that the 
horospheres (and not the geodesic hyperplanes) are the (n — I) -spheres of the 
infinite radius in H". Now, according to Proposition 3.1, all C° hypersurface 
in H™ which is homeomorphic to §™ _1 and convex (in the sense hyperbolic) 
satisfies the (hyperbolic) exterior sphere condition of infinite radius. But, as 
we have seen in Remark 3.3, a C° hypersurface in HP may satisfy the (hy- 
perbolic) exterior sphere condition of infinite radius and not be convex (in the 
hyperbolic sense). This means that, in M n , the exterior sphere condition of 
infinite radius is weaker than the hyperbolic convexity condition. 

4. Proof of Theorem 1.1 



We want to solve the following problem: 

, . f Q « = 0inO, u e C 2 (fl) n C°(0), 
°> \ u\ r = 0, u| r . =h, i = l, k. 

We note that the function <f> = h in O is a supersolution for the problem 

(Po). 

We define the set 

So = {s € C (O); s is a subsolution of (Po), with s < h}. 

The above set is not empty, because the function so = in Cl belongs to 
S . 

We define the function 

u(q) := sup s(q), q G 0. 

ses 

It follows from Perron process that u e C 2 (Sl) and it satisfies Qo u = 0. 
Moreover, by Perron process, we need to show that each point in dfl admits 
barriers for the problem (Po)- The barriers will be obtained in the sense of 
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Definition 2.5-2, that is, we shall show the existence of subsolutions v p and 
supersolutions w p of (Po) such that 

Vp{p) = w p (p) = h, 

k 

if p E [J Ti, and 

i=l 

v p (p) = w p (p) = 0, 

if per. 

Given i = 1, n, let p € be. 

We know that the function w; p = ft, in fi is a supcrsolution of (Po) such 
that w p (p) = h. 

For the construction of a subsolution v p of (Po) such that v p (p) = h, we 
may consider a hyperbolic (n — l)-sphere with radius R\ passing through 
(p, h) and contained in the region of the slice HI™ x {h} bounded by the hyper- 
surface T{ + h e n +i , where e n +i = (0, ...,0,1). We denote by c p the hyperbolic 
center of S p and by c p * the vertical projection of c p on the slice H™ x {0}. 

It follows from the hypotheses (3) and (1) that 

g Rl (Ri) = o<h<g Rl (R 1 + 5), 

where the function Qn t is defined as in Formula (7). Since Q Rl is continuous 
and increasing, we guarantee the existence of a unique Rh G [Ri ,Ri+8] such 
that 

h = GnARh), 

and consequently, the construction of the piece of n-dimensional catenoid in 
H" x M which is vertical graph of the function 

-Gc p *,R! + h, 

over the set {q G H" x {0}; R 1 < p Cp *(q) < Rh}- (Recall Formula (8).) 

We note that this piece of catenoid has as boundary two hyperbolic (n— 1)- 
spheres: Si, p C H" x {h} and S2, P C H" x {0}, where 5i lP = S p and S2, P has 
center c p * and radius Rh, see Figure 3. 

Since Rh < R\ + 5, S2, p is in the region of H™ x {0} bounded by the 
hypersurface T, see again Figure 3. 

The function v p , defined in fi by 

— Gc p *,R! (q) + h, if q € O and it is in the region bounded by Ti 

v(q) = \ and 
p ' I 0, if q G 17 and it is not in the region bounded 

by Ti and 5 2 , p , 

is a subsolution for the problem (Po), sec again Figure 3. In fact, by con- 
struction, v p <E C (O) and v p is the maximum of two subsolutions of (Po), 
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h 




r 



Figure 3. The piece of catenoid (graph of — Gcp*,Rn_ + h) 
with boundary Si, p U S2,p (n = 2). 

namely, v p — max{— G Cp * , Fit + h, 0} in Cl. Moreover, v p (p) = h. 
Now let p e T be. 

We know that the function v p = in f2 is a subsolution of (Po) such that 
v p (p) = 0. 

For the construction of a supersolution w p of (Po) such that w p (p) = 0, 
we consider two cases: 

Case 1 : < i?2 < oo and n > 2. 

We may consider a hyperbolic (n — l)-sphere Z p with radius i?2, passing 
through p, such that the ball bounded by one is contained in the closure of 
the exterior of T in H" x {0}. We denote by d p the hyperbolic center of Z p . 

It follows from the hypotheses (3) and (2) that 



Since the function is continuous and increasing, we guarantee the ex- 
istence of a unique Rh & [Bq , R2 + 6] such that 



and consequently, the construction of the piece of n-dimensional catenoid in 
H™ x R which is vertical graph of the function 



g Ra (Bv) = o<h<g Ra (R 2 + 6). 



h = GR 2 (Rh), 



Gd p ,R 2 , 

over the set {q € H™ x {0}; R 2 < p dp {q) < Rh}- 
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We note that this piece of catenoid has as boundary two hyperbolic (n— 1)- 
spheres: Z\ tP C H™ x {0} and Zi, p C H" x {h}, where Z\ jP = Z p and Z2, P has 
center [d p , h) and radius Rh, see Figure 4. 




Figure 4. The piece of catenoid (graph of Gd p ,R 2 ) with 
boundary Z\ tP U ^2. p (n = 2). 

Denoting by Zi, p * the vertical projection of Z<i tP in H" x {0}, we see that 
Z<i )P * is a hyperbolic (n — l)-sphere of center d p = {d p , 0) and radius Rh < 
i?2 + 5- This guarantees that the ball bounded by Zi, p * is in the exterior of 
fc 

I^J Ti in H" x {0}, see again Figure 4. 

i=l 

The function w p , defined in f2 by 

!Gd p ,R 2 (<l)i if g G O and it is in the region bounded by i?2,p* 
and r, 
h, if q € fl and it is not in the region bounded by 
Z 2tP * and T, 

is a supersolution for the problem (Po), see again Figure 4. In fact, by con- 
struction, w p £ C°(f2) and w p is the minimum of two supersolutions of (Po), 
namely, w p = min{0(j ij 2 , h} in f2. Moreover, w p (p) = 0. 

Case 2 : i?2 = oo and n = 2. 

In this case, we shall use the same notations adopted in Subsection 2.2-C. 

We consider a horocycle A p passing through p such that its mean convex 
side is contained in the closure of the exterior of T in H 2 x {0}. Up to a 
positive isometry of H 2 = H 2 x {0}, we may consider p = (0,0,0) and A p as 
the horocycle parameterized by Y(0, ■). 

It follows from the hypotheses (3) and (2) that 

(15) < h < arcsec(e' 5 ) < |. 
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We take 

ftf = {y(M); (u,9)e[0,h]x )}• 

Cq is the piece of the surface Co between the horocycles Ai iP C H 2 x {0} 
and A2, p C H 2 x {h}, where Ai , p = A p and A2 iP is parameterized by Y(h, ■), 
see Figure 5. 




Figure 5. C' l . 

We denote by A2 iP * the vertical projection of A2 iP in H 2 x {0}. A p and 
A2.p* are two horocycles of H 2 x {0} with the same asymptotic point (0, 1, 0) G 
doo(M 2 x {0}), hence they are equidistant. Thus, the hyperbolic distance 
between the horocycles A p and A2 lP * is equal to the distance between the 
origin (0, 0, 0) G A p and the point qt G A2 lP * nearest from the origin. 

The point qh wanted must belong to the geodesic line of H 2 x {0} which 
passes through the origin and it is orthogonal to A 2iP *. In that case, it is 
enough to find the intersection of the horocycle A2 iP * with the Euclidean line 
which passes through the origin, orthogonal to A 2!P *. 

Since (0, 0, 0) = Y ( 0, —) and Y ( h, — } = ( 0, C ° sI *~ 1 ,h) , it follows 
\ 2 J \ 2 J \ cos h + 1 / 

/ cos h — 1 \ m , 

that 9h= 0, — — , . Thus, 

\ cos h + 1 / 

dist H 2 (A p ,A 2 ,p*) = dist H 2 x{0} ((0,0,0),%) 

/ . , / cos h — 1 \ \ 
= dl st H2 ((0,0), (0,^^]] 

= ln(sec h). 
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From (15) follows that < ln(sec/i) < S, hence distmp (A P ,A2, P *) < S. 

k 

This guarantees that A 2 , p * is contained in the exterior of Tj, see again 

i=l 

Figure 5. 

We note that Cq is the vertical graph of the function T over the closed 
region of H 2 x {0} between the horocycles A p and A2 ;P *. 
The function w p , defined in £l by 

, . J T(q), if q g Cl and it is in the region between A2 >p * and V, 
p \ h, if q £ and it is not in the region between A2 iP * and T, 

is a supersolution for the problem (Po), see again Figure 5. In fact, by 
construction, w p e C°(fl) and w p is the minimum of two supersolutions of 
(Po), namely, w p = min{Y, h} in fi. Moreover, w p {p) = 0. 

The uniqueness of the solution of (Po) is guaranteed by the Maximum 
Principle. □ 

Remark 4.1. We have used in the proof of Theorem 1.1 a technique which 
is similar to one used in Theorem 2.1 in [ER]. The main difference is with 
respect to the choose of the barriers for the case n — 2 and R 2 - co: while 
in [ER] ; the authors have used affine planes of R 3 ( which are geodesic planes 
of M?) in the construction of the barriers for the case where the Jordan curve 
rcl 2 satisfies the exterior circle condition of the radius i? 2 = oo, we use, 
in the proof of Theorem 1.1, pieces of surfaces foliated by horocycles (which 
are not geodesic planes ofM 2 xR)in the construction of the barriers for the 
corresponding case. See again Remark 3.4 to understand the reason of that 
difference. 



5. Proof of Theorem 1.2 



We want to solve the following problem: 

Qow^Oinft, iieC 2 (J])flC°(n), 
u lr = /> u lr, =h > i = 1 , •■•) k - 



(Pi) 



We denote by m := min / and by M := max /. 

We note that the function <f> = h in fl is a supersolution for the problem 

(Pi)- 

We define the set 

Si = {s e C (Q); s is a subsolution of (Pi), with s < h}. 

The above set is not empty, because the function si = m in Cl belongs to 
Si. 
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We define the function 

u(q) := sup s(q), q E ti. 
seSi 

It follows from Perron process that u E C 2 (f2) and it satisfies Qo u = 0. 
Moreover, by Perron process, we need to show that each point in dfl admits 
barriers for the problem (Pi). 

It follows from the convexity of T and from the continuity of / that we 
may use Example 4.1 of [ST3], in the case n = 2, or Theorem 5.2 of [ST5], 
in the case n > 3, for the construction of the barriers at each point p E T, in 
the sense of Definition 2.5-1, see again Remark 2.1. (Note that the condition 
"/ is bounded" is automatically satisfied, because / is a continuous function 

defined over the compact set T.) 

k 

Now, for each point in Tj, the barriers will be obtained in the sense of 
i=i 

Definition 2.5-2. 

Given i = l, k, let p E Ti be. 

We know that the function w p = h in ti is a supersolution of (Pi) such 
that w p (p) — h. 

For the construction of a subsolution v p of (Pi) such that v p (p) = h, 
we may assume, without loss of generality, that m = 0, since the vertical 
translation is a isometry of H™ x E. We may consider a hyperbolic (n — 1)- 
sphere S p with radius R, passing through (p, h) and contained in the region 
of the slice H n x {h} bounded by the hypersurface I\ + h e n +i, where e n +i = 
(0, 0, 1). We denote by c p the hyperbolic center of S p and by c p * the vertical 
projection of c p on the slice H" x {0}. 

It follows from the hypotheses (5) and (4) that 

Gr{R) = = m<M <h< Gr{R + S). 

Since the function Qr is continuous and increasing, we guarantee the exis- 
tence of a unique Rh € [R,R + 5] such that 

h = g R {R h ). 

Proceeding analogously to the initial part of the proof of Theorem 1.1, we 
obtain that the function v p , defined by v p = max{— Q Cp *,R + h,0} in ti, is a 
subsolution for the problem (Pi) and v p (p) = h. 

The uniqueness of the solution of (Pi) is guaranteed by the Maximum 
Principle. □ 

Remark 5.1. Remark 3.2 shows that there exists a C° hypersurface in H n 
which is homeomorphic to §™ _1 ; satisfies the exterior sphere condition of some 
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radius < p < oo and it is not convex. Remark 3.3 shows that there exists a 
C° hypersurface in EP which is homeomorphic to S™ -1 , satisfies the exterior 
sphere condition of radius p — oo and it is not convex. From this follows that 
Theorem 1.2 is not a generalization of Theorem 1.1. 

6. Proof of Proposition 1.1 

In this proof, we shall use a similar technique to one observed in the final 
part of Theorem 5.1 in [ST3] (p. 328-329). 

Assume by contradiction that there exists the graph M mentioned in 
Proposition 1.1. 

Take 

M* := —M + he n+1 , 

where e n +i = (0, 0, 1) and — M is the reflection of M with respect to the 
slice ill. {M* is isometric to M .) Then M* is a connected compact minimal 
vertical graph of some function u over O such that u\p, = and u\ a = h. 
Notice that M* = graf u is above the slice III . 

Now choose an n-dimcnsional catcnoid 1f r := E r U — S r , where S r is the n- 
dimensional half-catenoid in i™ x R with rotational axis {0} x R and generator 
curve given by Q r (see again Formula (7)), with r big enough (that is, with 
large "neck"), disjoint from M* . 

Let ^ r (e) = c to r + ee n be the e- vertical translation of with e > small 
enough. 

Now shrink the catenoid ^(e) in the family of catenoids with the same 
axis, making the "neck" to shrink, that is, making r to approach zero. 

Then we shall find a first interior point of contact of M* with one of these 
catenoids, we say, ( ^' ro {e). But this is a contradiction by the Maximum Prin- 
ciple, because the height of M* is greater than or equal to n/(2n — 2) and 
the height of the part of the catenoid of contact (e) above the slice III is 
smaller than n/ (2n — 2) (recall that e > is taken small enough). This shows 
the proposition. □ 
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